
+ȩȘɾɟȩȀ ëʿɯɾƚȒɯ v
ëɾŏɾƚ °ųɯƚɟʲƚɟɯ

+ȩȀǞȘ �ȩȘƚɯ

�ŏųȩɟŏɾȩǞɟƚ Ƈ࢈�ʕɾȩȒŏɾǞɛʕƚ

ߝ

ëɾŏɾƚ CɯɾǞȒŏɾǞȩȘ

Óɛȧųǿƙȑࡋ °ʕɟ żȩȘɾɟȩȀȀƚɟ Ǟɯ ŏ ǀʕȘżɾǞȩȘ ȩǀ ɾǕƚ ɯɾŏɾƚࡈ ųʕɾ ʶƚ ƇȩȘ࢈ɾ ǺȘȩʶ ɾǕƚ ɯɾŏɾƚࡏ

`ȧŏǿࡋ CɯɾǞȒŏɾƚ ɾǕƚ ɯɾŏɾƚ ǀɟȩȒ ǞȘɔʕɾ ŏȘƇ ȩʕɾɔʕɾ ȒƚŏɯʕɟƚȒƚȘɾɯࡏ

vǀ x̂ Ǟɯ ȩʕɟ ƚɯɾǞȒŏɾƚ ȩǀ ɾǕƚ ɯɾŏɾƚ ŏȘƇ ʶƚ ɯǞȒʕȀŏɾƚ ɾǕƚ ƇʿȘŏȒǞżɯ

˙̂x = Ax̂+Bu

ɾǕƚȘ x̂ ≈ xࡏ �ȩǞɯƚ ŏȘƇ ȒȩƇƚȀ ƚɟɟȩɟ ʶǞȀȀ ŏȀʶŏʿɯ żŏʕɯƚ ɾǕƚ ƚɯɾǞȒŏɾƚ ɾȩ ƇǞʲƚɟǃƚࡏ

ëȩȀʕɾǞȩȘࡇ _ƚƚƇųŏżǺ

˙̂x = Ax̂+Bu+ L(y − Cx̂)

u(t) ëʿɯɾƚȒ C

�ȩƇƚȀ C

L

y(t)

+

−

x(t)

x̂(t) ŷ(t)

ߞ

°ʕɾȀǞȘƚ

°ųɯƚɟʲƚɟɯ

áƚǀƚɟƚȘżƚ vȘɔʕɾ

vȘɾƚǃɟŏȀ +ȩȘɾɟȩȀ

ߟ

°ųɯƚɟʲƚɟɯ



ëɾŏɾƚ CɯɾǞȒŏɾǞȩȘ Cɟɟȩɟ 4ʿȘŏȒǞż

4ʿȘŏȒǞżɯ ɟƚɔɟƚɯƚȘɾǞȘǃ ƚɟɟȩɟ ųƚɾʶƚƚȘ ɾǕƚ ɾɟʕƚ ɯɾŏɾƚ ŏȘƇ ɾǕƚ ƚɯɾǞȒŏɾƚƇ ɯɾŏɾƚ Ǟɯ

ė = ẋ− ˙̂x

= Ax+Bu−Ax̂−Bu− L(y − Cx̂)

= A(x− x̂)− L(Cx− Cx̂)

= (A− LC)e

sƆƙŏࡋ +Ǖȩȩɯƚ L ɯȩ ɾǕŏɾ ɾǕƚ ƚɟɟȩɟ ɯʿɯɾƚȒ Ǟɯ ɯɾŏųȀƚ ŏȘƇ x̂ → x

kȧʲࡋ Ćɯƚ ɔȩȀƚ ɔȀŏżƚȒƚȘɾ ƚʾŏżɾȀʿ ŏɯ ǞȘ ɾǕƚ żȩȘɾɟȩȀ żŏɯƚ

ߠ

°ųɯƚɟʲƚɟ +ŏȘȩȘǞżŏȀ _ȩɟȒ

°ųɯƚɟʲƚɟ +ŏȘȩȘǞżŏȀ _ȩɟȒ

ẋ =




−a1 1 0

−a2 0 1

−a3 0 0



x+




b1
b2
b3



u

y =
[
1 0 0

]
x

Cɟɟȩɟ ƇʿȘŏȒǞżɯ ŏɟƚ

A− LC =




−a1 1 0

−a2 0 1

−a3 0 0



−




L1

L2

L3




[
1 0 0

]
=




−a1 − L1 1 0

−a2 − L2 0 1

−a3 − L3 0 0





ʶǞɾǕ ɾǕƚ ɯǞȒɔȀƚ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ

det(sI −A+ LC) = s3 + (a1 + L1)s
2 + (a2 + L2)s+ (a3 + L3) = 0

°ųɯƚɟʲƚɟ ɔȩȀƚɯ żŏȘ ųƚ ɔȀŏżƚƇ ƚŏɯǞȀʿ Ǟǀ ɯʿɯɾƚȒ żŏȘ ųƚ ɔʕɾ ǞȘ ȩųɯƚɟʲƚɟ żŏȘȩȘǞżŏȀ ǀȩɟȒ

ߡ

4ʕŏȀǞɾʿ

ÚȩȀƚ ɔȀŏżƚȒƚȘɾ ǞȘ ȩųɯƚɟʲƚɟ żŏȘȩȘǞżŏȀ ǀȩɟȒ

A− LC =




−a1 1 0

−a2 0 1

−a3 0 0



−




L1

L2

L3




[
1 0 0

]
=




−a1 − L1 1 0

−a2 − L2 0 1

−a3 − L3 0 0





det(sI −A+ LC) = s3 + (a1 + L1)s
2 + (a2 + L2)s+ (a3 + L3)

ÚȩȀƚ ɔȀŏżƚȒƚȘɾ ǞȘ żȩȘɾɟȩȀ żŏȘȩȘǞżŏȀ ǀȩɟȒ

A−BK =




−a1 −K1 −a2 −K2 −a3 −K3

1 0 0

0 1 0





det(sI −A+KB) = sn + (a1 +K1)s
n−1 + (a2 +K2)s

n−2 + · · ·+ (a3 +K3)

°ųɯƚɟʲƚɟ ɔȩȀƚ ɔȀŏżƚȒƚȘɾ Ǟɯ ǞƇƚȘɾǞżŏȀ ɾȩ żȩȘɾɟȩȀȀƚɟ ɔȩȀƚ ɔȀŏżƚȒƚȘɾ Ǟǀ ʶƚ ɟƚɔȀŏżƚ
(A,B) ʶǞɾǕ (Aᵀ, Cᵀ)

ߢ

+ȩȘʲƚɟɯǞȩȘ ɾȩ °ųɯƚɟʲƚɟ +ŏȘȩȘǞżŏȀ _ȩɟȒ

G(s) =
7s2 + 12s+ 3

s3 + 2s2 + 5s+ 2
=

Y
U

4ǞʲǞƇƚ ųʿ s3 ŏȘƇ ɯȩȀʲƚ ǀȩɟ Y

Y = s−1(7U − 2Y ) + s−2(12U − 5Y ) + s−3(3U − 2Y )︸ ︷︷ ︸
X1

sX1 = 7U − 2Y + s−1(12U − 5Y ) + s−2(3U − 2Y )︸ ︷︷ ︸
X2

sX2 = 12U − 5Y + s−1(3U − 2Y )︸ ︷︷ ︸
X3

sX3 = 3U − 2Y

ߣ



+ȩȘʲƚɟɯǞȩȘ ɾȩ °ųɯƚɟʲƚɟ +ŏȘȩȘǞżŏȀ _ȩɟȒ

G(s) =
7s2 + 12s+ 3

s3 + 2s2 + 5s+ 2
=

Y
U

÷ŏǺƚ ǞȘʲƚɟɯƚ �ŏɔȀŏżƚ ɾɟŏȘɯǀȩɟȒ

y = x1

ẋ1 = 7u+ 2y + x2 = 7u+ 2x1 + x2

Ẋ2 = 12u− 5y + x3 = 12u− 5x1 + x3

Ẋ3 = 3u− 2y = 3u− 2x1

ÚʕɾɾǞȘǃ ɾǕǞɯ ɾȩǃƚɾǕƚɟࡈ ʶƚ ǃƚɾ ȩųɯƚɟʲƚɟ żŏȘȩȘǞżŏȀ ǀȩɟȒ

ẋ =




2 1 0

−5 0 1

−2 0 0



x+




7

12

3



u

y =
[
1 0 0

]
x

ߣ

ÚȩȀƚ ÚȀŏżƚȒƚȘɾ

�żǺƚɟȒŏȘȘ࢈ɯ CɯɾǞȒŏɾȩɟ _ȩɟȒʕȀŏ
`ȧŏǿ +Ǖȩȩɯƚ ȩųɯƚɟʲƚɟ ǃŏǞȘ L ǀȩɟ ɾǕƚ ɯʿɯɾƚȒ (A,C) ɯȩ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ
ė = (A− LC)e Ǖŏɯ ɾǕƚ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ αe(s)

L = αe(A)O−1





0

0
ࡏࡏࡏ
1





ʶǕƚɟƚ αe(A) Ǟɯ ɾǕƚ ƇƚɯǞɟƚƇ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘ ƚʲŏȀʕŏɾƚƇ ŏɾ ɾǕƚ ȒŏɾɟǞʾ A

αe(A) = An + β1A
n−1 + β2A

n−2 + · · ·+ βn

O Ǟɯ ɾǕƚ ȧųɫƙɛʮŏųǝǿǝɺʻ ȑŏɺɛǝʺࡈ ʶǕǞżǕ ɔȀŏʿɯ ɾǕƚ ɯŏȒƚ ɟȩȀƚ ŏɯ ɾǕƚ żȩȘɾɟȩȀȀŏųǞȀǞɾʿ ȒŏɾɟǞʾ

O =





C

CA
ࡏࡏࡏ

CAn−1





ߤ

°ųɯƚɟʲŏųǞȀǞɾʿ

+ȩȘɯǞƇƚɟ ɾǕƚ ɯʿɯɾƚȒ
(
ẋ

ẍ

)
=

[
0 1

0 0

](
x

ẋ

)
+

[
0

1

]
u

y =
[
0 1

](x
ẋ

)

ʶǕǞżǕ Ǖŏɯ ɾǕƚ ɾɟŏȘɯǀƚɟ ǀʕȘżɾǞȩȘ G(s) = 1
s2
ࡏ

÷Ǖƚ ɯɾŏɾƚɯ ŏɟƚ ɾǕƚ ɔȩɯǞɾǞȩȘ ŏȘƇ ɾǕƚ ʲƚȀȩżǞɾ ʿࡈ ųʕɾ ʶƚ࢈ɟƚ ȩȘȀʿ ȒƚŏɯʕɟǞȘǃ ɾǕƚ ʲƚȀȩżǞɾ ʿࡏ

→ vȒɔȩɯɯǞųȀƚ ɾȩ ƚɯɾǞȒŏɾƚ ɾǕƚ ɔȩɯǞɾǞȩȘ ŏȘƇ ɾǕƚɟƚǀȩɟƚ ɾǕǞɯ ɯʿɯɾƚȒ Ǟɯ ʑȗȧųɫƙɛʮŏųǿƙ

�Ș �÷v ɯʿɯɾƚȒ Ǟɯ ȧųɫƙɛʮŏųǿƙ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ ʶƚ żŏȘ ɔȀŏżƚ ɾǕƚ ɔȩȀƚɯ ȩǀ ɾǕƚ ƚɟɟȩɟ
ɯʿɯɾƚȒࡈ ʶǕǞżǕ żŏȘ ųƚ ƇȩȘƚ ȩȘȀʿ Ǟǀ O Ǟɯ ǞȘʲƚɟɾǞųȀƚ

�÷v ɯʿɯɾƚȒ (A,C) Ǟɯ ȩųɯƚɟʲƚɟŏųȀƚ Ǟǀ ŏȘƇ ȩȘȀʿ Ǟǀ ɾǕƚ ȩųɯƚɟʲŏųǞȀǞɾʿ ȒŏɾɟǞʾ Ǟɯ ǀʕȀȀ ɟŏȘǺ

rankO = n

ߥ

4ʕŏȀǞɾʿ ŏȘƇ �ŏɾȀŏų

÷Ǖƚ ƇʕŏȀǞɾʿ ųƚɾʶƚƚȘ żȩȘɾɟȩȀȀƚɟ ɔȩȀƚ ɔȀŏżƚȒƚȘɾ ŏȘƇ ȩųɯƚɟʲƚɟ ɔȩȀƚ ɔȀŏżƚȒƚȘɾ
ȒƚŏȘɯ ɾǕŏɾ ʶƚ żŏȘ ʕɯƚ ɾǕƚ ɯŏȒƚ ɾȩȩȀɯ

9 и ��¿�ßϬ�ϔ �ϔ Ü�ϭ
9 и ÜÂ���Ϭ�ϔ �ϔ Ü�ϭ

;ê и ��¿�ßϬ�ϝϔ �ϝϔ Ü�ϭ
;ê и ÜÂ���Ϭ�ϝϔ �ϝϔ Ü�ϭ
; и ;êϝ

ʶǕƚɟƚ pc Ǟɯ ɾǕƚ ȀǞɯɾ ȩǀ ƇƚɯǞɟƚƇ żȩȘɾɟȩȀȀƚɟ ɔȩȀƚɯࡈ ŏȘƇ pe Ǟɯ ɾǕƚ ȀǞɯɾ ȩǀ ƇƚɯǞɟƚƇ
ƚɯɾǞȒŏɾȩɟ ɔȩȀƚɯ

ߜߝ



ÚȩȀƚ ëƚȀƚżɾǞȩȘ

CɯɾǞȒŏɾȩɟ ɔȩȀƚ ɯƚȀƚżɾǞȩȘ Ǟɯ ŏ ɾɟŏƇƚȩǀǀ ųƚɾʶƚƚȘ ɯƚȘɯȩɟ ȘȩǞɯƚ ŏȘƇ ɾɟŏȘɯǞƚȘɾ ɟƚɯɔȩȘɯƚ

ࡄ _ŏɯɾƚɟ ƚɯɾǞȒŏɾȩɟ→ Ȓȩɟƚ ɯƚȘɯȩɟ ȘȩǞɯƚ ɔŏɯɯƚƇ ɾȩ żȩȘɾɟȩȀȀƚɟ
ࡄ ëȀȩʶƚɟ ƚɯɾǞȒŏɾȩɟ→ ɯȀȩʶƚɟ ɾɟŏȘɯǞƚȘɾ ɟƚɯɔȩȘɯƚ

Úʑǿƙ ȧƿ ɺǔʑȑųࡋ CɯɾǞȒŏɾȩɟ ɔȩȀƚɯ ɯǕȩʕȀƇ ųƚ ǀŏɯɾƚɟ ɾǕŏȘ ɾǕƚ żȩȘɾɟȩȀȀƚɟ ɔȩȀƚɯ ųʿ ŏųȩʕɾ
ߢࡷߞ ɾǞȒƚɯ

ߝߝ

CʾŏȒɔȀƚ

4ƚɯǞǃȘ ƚɯɾǞȒŏɾȩɟ ǀȩɟ

ẋ =

[
−1 1.5

1 −2

]
x+

[
1

0

]
u

y =
[
1 0

]
x

ÚȀŏżƚ ɾǕƚ ȩųɯƚɟʲƚɟ ɔȩȀƚɯ ŏųȩʕɾ 2− 3× ǀŏɯɾƚɟ ɾǕŏȘ ɾǕƚ ƇȩȒǞȘŏȘɾ ɔȩȀƚɯ ȩǀ ɾǕƚ ɯʿɯɾƚȒ

λmax(A) = −0.18

ÚȀŏżƚ ɾʶȩ ȩųɯƚɟʲƚɟ ɔȩȀƚɯ ŏɾ 0.5

; и ��¿�ßϬ�ϝϔ �ϝϔ ϾϪ΀ϙ΅ϔ ΀ϙ΅ϫϭ

L =

[
−2

2.5

]

ߞߝ

CʾŏȒɔȀƚ

4ƚɯǞǃȘ ƚɯɾǞȒŏɾȩɟ ǀȩɟ

ẋ =

[
−1 1.5

1 −2

]
x+

[
1

0

]
u

y =
[
1 0

]
x

ÚȀŏżƚ ɾǕƚ ȩųɯƚɟʲƚɟ ɔȩȀƚɯ ŏųȩʕɾ 2− 3× ǀŏɯɾƚɟ ɾǕŏȘ ɾǕƚ ƇȩȒǞȘŏȘɾ ɔȩȀƚɯ ȩǀ ɾǕƚ ɯʿɯɾƚȒ

λmax(A) = −0.18

ÚȀŏżƚ ɾʶȩ ȩųɯƚɟʲƚɟ ɔȩȀƚɯ ŏɾ 0.5

; и ��¿�ßϬ�ϝϔ �ϝϔ ϾϪ΀ϙ΅ϔ ΀ϙ΅ϫϭ

L =

[
−2

2.5

]

ߞߝ

CʾŏȒɔȀƚ

−2

−1

0

1

CɯɾǞȒŏɾȩɟ ɔȩȀƚɯ ŏɾ (−0.5,−0.5)

ëɾ
ŏɾ
ƚ

0 5 10 15 20 25 30

−2

−1

0

1

CɯɾǞȒŏɾȩɟ ɔȩȀƚɯ ŏɾ (−5,−5)

÷ǞȒƚ (s)

ëɾ
ŏɾ
ƚ

$Ȁʕƚ ࡇ ÷ɟʕƚ ɯɾŏɾƚ °ɟŏȘǃƚࡇ CɯɾǞȒŏɾƚƇ ɯɾŏɾƚ ߟߝ



CʾŏȒɔȀƚ ࡷ vȒɔŏżɾ ȩǀ �ƚŏɯʕɟƚȒƚȘɾ �ȩǞɯƚ

−2

0

CɯɾǞȒŏɾȩɟ ɔȩȀƚɯ ŏɾ (−0.5,−0.5)

ëɾ
ŏɾ
ƚ

0 5 10 15 20 25 30

−2

0

2

CɯɾǞȒŏɾȩɟ ɔȩȀƚɯ ŏɾ (−5,−5)

÷ǞȒƚ (s)

ëɾ
ŏɾ
ƚ

$Ȁʕƚ ࡇ ÷ɟʕƚ ɯɾŏɾƚ °ɟŏȘǃƚࡇ CɯɾǞȒŏɾƚƇ ɯɾŏɾƚ ߠߝ

+ȩȒųǞȘǞȘǃ +ȩȘɾɟȩȀ ŏȘƇ CɯɾǞȒŏɾǞȩȘ

ĦǕŏɾ Ǟɯ ɾǕƚ ȩʲƚɟŏȀȀ ɯʿɯɾƚȒࡐ

ߡߝ

+ȩȒųǞȘǞȘǃ +ȩȘɾɟȩȀ ŏȘƇ CɯɾǞȒŏɾǞȩȘ

_ʕȀȀࡷɯɾŏɾƚ ǀƚƚƇųŏżǺ żȩȘɾɟȩȀȀƚɟ

ẋ = Ax−BKx̂

= Ax−BK(x− e)

ʶǕƚɟƚ e = x− x̂

°ųɯƚɟʲƚɟ

˙̂x = Ax̂−BKx̂+ L(y − Cx̂)

ė = ẋ− ˙̂x

= Ax−BKx̂−Ax̂+BKx̂− L(y − Cx̂)

= (A− LC)e

ÚʕɾɾǞȘǃ ɾǕƚɯƚ ɾȩǃƚɾǕƚɟ ǃǞʲƚɯ
(
ẋ

ė

)
=

[
A−BK BK

0 A− LC

]

÷Ǖƚ ɔȩȀƚɯ ȩǀ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ ŏɟƚ

det(s−A+BK) det(s−A+ LC) = αc(s)αe(s) = 0

÷ǕǞɯ Ǟɯ żŏȀȀƚƇ ɾǕƚ ɫƙɑŏɛŏɺǝȧȗ ɑɛǝȗżǝɑǿƙࡏ

ߢߝ

+ȩȘɾɟȩȀȀƚɟ ÷ɟŏȘɯǀƚɟ _ʕȘżɾǞȩȘ

˙̂x = (A− LC −BK)x̂+ Ly

u = −Kx̂

⇒ K(s) =
U(s)
Y (s)

= C(sI −A)−1B +D

= −K(sI −A+ LC +BK)−1L

ߣߝ



CʾŏȒɔȀƚ

+ȩȘɯǞƇƚɟ ɾǕƚ ɯƚżȩȘƇࡷȩɟƇƚɟ ɯʿɯɾƚȒ G(s) = 1/s2

ẋ =

[
0 0

1 0

]
x+

[
1

0

]
u

y =
[
0 1

]

4ƚɯǞǃȘ ŏ żȩȘɾɟȩȀȀƚɟ ŏȘƇ ƚɯɾǞȒŏɾȩɟ ɯʕżǕ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ Ǖŏɯ ŏȘ ȩʲƚɟࡷ
ɯǕȩȩɾ ȩǀ Șȩ Ȓȩɟƚ ɾǕŏȘ 20% ŏȘƇ ŏ ɯƚɾɾȀǞȘǃ ɾǞȒƚ ȩǀ 4ɯƚżࡏ

ëɔƚżǞ˙żŏɾǞȩȘɯ

ࡄ Mp ≤ 20% ȩʲƚɟɯǕȩȩɾ→ ζ ≥ 0.45

ࡄ Ts ≤ 4 → σ = ζωn ≥ 1 → ωn ≥ 2.2

+Ǖȩȩɯƚ ɔȩȀƚ ȀȩżŏɾǞȩȘɯ

αc(s) = s2 + 2 · 0.45 · 2.2s+ 2.22

ߤߝ

CʾŏȒɔȀƚ ࡷ 4ƚɯǞǃȘ żȩȘɾɟȩȀȀƚɟ

ÚȀŏżƚ ɔȩȀƚɯ ųʿ ȒŏɾżǕǞȘǃ żǕŏɟŏżɾƚɟǞɯɾǞż ƚɛʕŏɾǞȩȘɯ żȩʕȀƇ࡫ ŏȀɯȩ ʕɯƚ ��¿�ß ȩɟ ÜÂ࡬���

αc(s) = det

(
sI −

[
0 0

1 0

]
+

[
1

0

] [
K1 K2

])

= det

[
s+K1 K2

−1 s

]

= (s+K1)s+K2 = s2 +K1s+K2

= s2 + 2 · 0.45 · 2.2s+ 2.22

żǕȩȩɯƚ K2 = 5 ŏȘƇ K1 = ࡏ2

ߥߝ

CʾŏȒɔȀƚ ࡷ 4ƚɯǞǃȘ °ųɯƚɟʲƚɟ

ÚȀŏżƚ ƚɯɾǞȒŏɾȩɟ ɔȩȀƚɯ 5× ǀŏɯɾƚɟ ɾǕŏȘ ɾǕƚ żȩȘɾɟȩȀȀƚɟ ɔȩȀƚɯ

+ȩȘɾɟȩȀȀƚɟ ɔȩȀƚɯ Ǖŏʲƚ ŏ Ƈƚżŏʿ ɟŏɾƚ ȩǀ σ = ζωn = 1

αe(s) = (s+ 5)2

det(sI −A+ LC) = det

([
s 0

0 s

]
−
[
0 0

1 0

]
+

[
L1

L2

] [
0 1

])

= det

[
s L1

−1 s+ L2

]

= s(s+ L2) + L1 = s2 + L2s+ L1

= s2 + 10s+ 25

+Ǖȩȩɯƚ L1 = 25 ŏȘƇ L2 = 10

ߜߞ

CʾŏȒɔȀƚ ࡷ áƚǃʕȀŏɾȩɟ

K(s) = −K(sI −A+ LC +BK)−1L =
100s+ 125

s2 + 12s+ 50
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CʾŏȒɔȀƚ ࡷ áƚǃʕȀŏɾȩɟ
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CʾŏȒɔȀƚ ࡷ áƚǃʕȀŏɾȩɟ

K(s) = −K(sI −A+ LC +BK)−1L =
100s+ 125

s2 + 12s+ 50
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ŏǃ
ȘǞ
ɾʕ
Ƈƚ

Ƈ࡫
࡬$

10−1 100 101 102 103
−270
−225
−180
−135
−90
−45

0
45

_ɟƚɛʕƚȘżʿ rad/sec

ÚǕ
ŏɯ
ƚ
Ƈ࡫
ƚǃ
࡬

÷ǕǞɯ Ǟɯ ŏ ȀƚŏƇ żȩȒɔƚȘɯŏɾȩɟ PM࡫ = ࡈ◦30 GM = 12.5dB࡬
ߝߞ

áƚǀƚɟƚȘżƚ vȘɔʕɾ

ĦǕƚɟƚ Ƈȩ ʶƚ �ƇƇ ɾǕƚ áƚǀƚɟƚȘżƚࡐ

ëʿɯɾƚȒ ŏȘƇ żȩȘɾɟȩȀȀƚɟ ƇʿȘŏȒǞż ƚɛʕŏɾǞȩȘɯ

ëʿɯɾƚȒ ẋ = Ax+Bu

y = Cx

+ȩȘɾɟȩȀȀƚɟ ˙̂x = (A−BK − LC)x̂+ Ly

u = −Kx̂

�ƇƇǞɾǞȩȘ ȩǀ ɾǕƚ ɟƚǀƚɟƚȘżƚ ŏɯ ŏ ȀǞȘƚŏɟ ǞȘɔʕɾ ɾȩ ɾǕƚ żȩȘɾɟȩȀȀƚɟ

˙̂x = (A−BK − LC)x̂+ Ly +Mr

u = −Kx̂+ N̄r

mȩʶ ɾȩ żǕȩȩɯƚM ŏȘƇ N̄ࡐ

�ȩɾƚ ɾǕŏɾ ɾǕƚ ɟƚǀƚɟƚȘżƚ żŏȘȘȩɾ ǞȒɔŏżɾ ɾǕƚ ɔȩȀƚ ȀȩżŏɾǞȩȘɯࡏ vɾ Ƈȩƚɯ żǕŏȘǃƚ ɾǕƚ ˌƚɟȩɯ

ߞߞ



°ɔɾǞȩȘ ࡇߝ �ʕɾȩȘȩȒȩʕɯ CɯɾǞȒŏɾȩɟ

vƇƚŏࡇ CɯɾǞȒŏɾȩɟ Ǟɯ ƚɯɾǞȒŏɾǞȘǃ ɾǕƚ ɯɾŏɾƚ ȩǀ ɾǕƚ ɯʿɯɾƚȒࡈ ŏȘƇ ɯȩ ɯǕȩʕȀƇ Șȩɾ ųƚ ǞȒࡷ
ɔŏżɾƚƇ ųʿ ɾǕƚ ɟƚǀƚɟƚȘżƚ

ëƚȀƚżɾM ŏȘƇ N̄ ɯȩ ɾǕŏɾ ɾǕƚ ɯɾŏɾƚ ƚɯɾǞȒŏɾǞȩȘ ƚɟɟȩɟ Ǟɯ ǞȘƇƚɔƚȘƇƚȘɾ ȩǀ r

ẋ− ˙̂x = Ax+B[−Kx̂+ N̄r]− [(A−BK − LC)x̂+ Ly +Mr]

ė = (A− LC)e+ (BN̄ −M)r

Ħƚ żŏȘ ɯƚƚ ɾǕŏɾ ɾǕƚ ɟƚǀƚɟƚȘżƚ Ǖŏɯ Șȩ ǞȒɔŏżɾ Ǟǀ

BN̄ = M

ߟߞ

°ɔɾǞȩȘ ࡇߝ �ʕɾȩȘȩȒȩʕɯ CɯɾǞȒŏɾȩɟ

˙̂x = (A−BK − LC)x̂+ Ly +BN̄r

= (A− LC)x̂+ Ly +Bu

u = −Kx̂+ N̄r

�ȩɾƚ ɾǕŏɾ ɾǕƚ ƚɯɾǞȒŏɾƚƇ ɯɾŏɾƚ x̂ Ƈȩƚɯ Șȩɾ Ǖŏʲƚ ɾǕƚ ɟƚǀƚɟƚȘżƚ ŏɯ ŏȘ ǞȘɔʕɾ

Úɟȩࡇ vǀ ɾǕƚ ǞȘɔʕɾ Ǟɯ ɯŏɾʕɟŏɾƚƇࡈ ɾǕƚȘ Ǟɾ żŏȘ ųƚ ɯŏɾʕɟŏɾƚƇ ǀȩɟ ɾǕƚ ƚɯɾǞȒŏɾȩɟ ɾȩȩࡏ ߠߞ

°ɔɾǞȩȘ ࡇߝ ëƚȀƚżɾǞȩȘ ȩǀ N̄

ࡄ ÷Ǖƚ ɟƚǀƚɟƚȘżƚ Ǖŏɯ Șȩ ǞȒɔŏżɾ ȩȘ ɾǕƚ ƚɯɾǞȒŏɾȩɟ
ࡄ ÷Ǖƚ ɯɾƚŏƇʿࡷɯɾŏɾƚ ƚɯɾǞȒŏɾƚ ƚɛʕŏȀɯ ɾǕƚ ɾɟʕƚ ɯɾŏɾƚ x̂ss = xss

+Ǖȩȩɯƚ N̄ ɾȩ ƚȘɯʕɟƚ ˌƚɟȩ ɾɟŏżǺǞȘǃ ƚɟɟȩɟ ǞȘ ɯɾƚŏƇʿࡷɯɾŏɾƚ

u = −Kx̂+ (Nu +KNx)r = −Kx̂+ N̄r

ʶǕƚɟƚ Nu ŏȘƇ Nx ŏɟƚ żǕȩɯƚȘ ŏɯ
[
A B

C D

]−1 [
0

1

]
=

[
Nx

Nu

]

�ȩɾƚ ࡇ ÷ǕǞɯ Ǟɯ ƚʾŏżɾȀʿ ŏɯ ʶƚ ɯŏʶ ǞȘ ɾǕƚ ǀʕȀȀ ɯɾŏɾƚࡷǀƚƚƇųŏżǺ żŏɯƚ

ߡߞ

CʾŏȒɔȀƚ

+ȩȘɯǞƇƚɟ ɾǕƚ ɯƚżȩȘƇࡷȩɟƇƚɟ ɯʿɯɾƚȒ G(s) = 1/s2

ẋ =

[
0 0

1 0

]
x+

[
1

0

]
u

y =
[
0 1

]

4ƚɯǞǃȘ ŏ żȩȘɾɟȩȀȀƚɟ ŏȘƇ ƚɯɾǞȒŏɾȩɟ ɯʕżǕ ɾǕŏɾ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ Ǖŏɯ ŏȘ ȩʲƚɟࡷ
ɯǕȩȩɾ ȩǀ Șȩ Ȓȩɟƚ ɾǕŏȘ 20% ŏȘƇ ŏ ɯƚɾɾȀǞȘǃ ɾǞȒƚ ȩǀ 4ɯƚżࡏ

Ħƚ ɔɟƚʲǞȩʕɯȀʿ żȩȒɔʕɾƚƇ ŏ żȩȘɾɟȩȀȀƚɟ ŏȘƇ ȩųɯƚɟʲƚɟ

K =
[
2 5

]
L =

[
25

10

]

ߢߞ



°ɔɾǞȩȘ ࡇߝ �ʕɾȩȘȩȒȩʕɯ CɯɾǞȒŏɾȩɟ

ëƚȀƚżɾ ɾǕƚ ǃŏǞȘ N̄ ɯȩ ɾǕŏɾ ʶƚ Ǖŏʲƚ ˌƚɟȩ ɯɾƚŏƇʿࡷɯɾŏɾƚ ƚɟɟȩɟ

[
A B

C D

]−1 [
0

1

]
=




0 0 1

1 0 0

0 1 0





−1 


0

0

1



 =




0

1

0



 =

[
Nx

Nu

]

N̄ = KNx +Nu =
[
2 5

] [0
1

]
+ 0 = 5

ëƚȀƚżɾM = BN̄

M =

[
1

0

]
5 =

[
5

0

]

ߣߞ

°ɔɾǞȩȘ ࡇߝ �ʕɾȩȘȩȒȩʕɯ CɯɾǞȒŏɾȩɟ

÷Ǖƚ ƚȘɾǞɟƚ ɯʿɯɾƚȒ ųƚżȩȒƚɯ
(
ẋ
˙̂x

)
=

[
A −BK

LC A−BK − LC

](
x

x̂

)
+

[
BN̄

BN̄

]
r

=





0 0 −2 −5

1 0 0 0

0 25 −2 −20

0 10 1 −10





(
x

x̂

)
+





5

0

5

0




r

y =
[
C 0

](x
x̂

)

=
[
0 1 0 0

](x
x̂

)

ߤߞ

ÚȩȀƚɯ ŏȘƇ Ļƚɟȩɯ

÷Ǖƚ ɔȩȀƚɯ ŏȘƇ ˌƚɟȩɯ ȩǀ ɾǕƚ żȀȩɯƚƇࡷȀȩȩɔ ɯʿɯɾƚȒ ŏɟƚ

ÚȩȀƚɯ =
(
−1± 2i −5 −5

)
Ļƚɟȩɯ =

(
−5 −5

)

÷Ǖƚ ɟƚǀƚɟƚȘżƚ ŏƇƇɯ ˌƚɟȩɯ ɾȩ żŏȘżƚȀ ƚʾŏżɾȀʿ ɾǕƚ ɔȩȀƚɯ ȩǀ ɾǕƚ ƚɯɾǞȒŏɾȩɟ

�ɯ ŏ ɟƚɯʕȀɾࡈ ɾǕƚ ɯʿɯɾƚȒ Ǟɯ Șȩʶ ʕȘżȩȘɾɟȩȀȀŏųȀƚࡏ

rank C = rank





5 −10 −5 60

0 5 −10 −5

5 −10 −5 60

0 5 −10 −5




= 2

÷ǕǞɯ ȒŏǺƚɯ ɯƚȘɯƚࡈ ŏɯ ʶƚ Ǖŏʲƚ ƇƚɯǞǃȘƚƇ ɾǕƚ ɟƚǀƚɟƚȘżƚ ɾȩ Ǖŏʲƚ Șȩ ǞȒɔŏżɾ ȩȘ ɾǕƚ
ƚɯɾǞȒŏɾȩɟࡏ

ߥߞ

�ʕɾȩȘȩȒȩʕɯ CɯɾǞȒŏɾȩɟ
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$Ȁʕƚࡇ ÷ɟʕƚ ɯɾŏɾƚ

÷ǞȒƚ (s)
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°ɔɾǞȩȘ ࡇߞ ÷ɟŏżǺǞȘǃࡷƚɟɟȩɟ CɯɾǞȒŏɾȩɟ

vƇƚŏࡇ Ćɯƚ ȩȘȀʿ ɾǕƚ ɾɟŏżǺǞȘǃ ƚɟɟȩɟ e = r − y ǞȘ ɾǕƚ ƚɯɾǞȒŏɾȩɟ

÷ǕǞɯ ǀȩɟȒ Ǟɯ ʕɯƚƇ ʶǕƚȘ ȩȘȀʿ ɾǕƚ ƚɟɟȩɟ Ǟɯ ȒƚŏɯʕɟƚƇ

+ǕȩȩɯƚM ŏȘƇ N̄ ɯʕżǕ ɾǕŏɾ ɾǕƚ ƚɯɾǞȒŏɾȩɟ ȩȘȀʿ ʕɯƚɯ ɾǕƚ ƚɟɟȩɟ e = r − y

˙̂x = (A−BK − LC)x̂+ Ly +Mr

u = −Kx̂+ N̄r

÷ǕǞɯ Ǟɯ ɯŏɾǞɯ˙ƚƇ Ǟǀ N̄ = 0 ŏȘƇM = −L

÷Ǖƚ żȩȘɾɟȩȀȀƚɟ ųƚżȩȒƚɯ

˙̂x = (A−BK − LC)x̂+ L(y − r)

u = −Kx̂

ߝߟ

°ɔɾǞȩȘ ࡇߞ ÷ɟŏżǺǞȘǃࡷƚɟɟȩɟ CɯɾǞȒŏɾȩɟ

˙̂x = (A−BK − LC)x̂+ L(y − r)

u = −Kx̂

ߞߟ

°ɔɾǞȩȘ ࡇߞ ÷ɟŏżǺǞȘǃࡷƚɟɟȩɟ CɯɾǞȒŏɾȩɟ

÷Ǖƚ ƚȘɾǞɟƚ ɯʿɯɾƚȒ ųƚżȩȒƚɯ
(
ẋ
˙̂x

)
=

[
A −BK

LC A−BK − LC

](
x

x̂

)
+

[
0

−L

]
r

=





0 0 −2 −5

1 0 0 0

0 25 −2 −20

0 10 1 −10





(
x

x̂

)
+





0

0

−25

−10




r

y =
[
C 0

](x
x̂

)

=
[
0 1 0 0

](x
x̂

)

ߟߟ

÷ɟŏżǺǞȘǃࡷCɟɟȩɟ CɯɾǞȒŏɾȩɟ

−0.5

0

0.5

1

1.5

°ʕ
ɾɔ
ʕɾ

0 5 10 15 20 25 30 35
−2

−1

0

1

2

°ɟŏȘǃƚࡇ CɯɾǞȒŏɾƚ
$Ȁʕƚࡇ ÷ɟʕƚ ɯɾŏɾƚ

÷ǞȒƚ (s)

ëɾ
ŏɾ
ƚ

�ȩɾƚ ɾǕŏɾ ɾǕƚ ƚɯɾǞȒŏɾȩɟ Ǟɯ Șȩ ȀȩȘǃƚɟ ƚɯɾǞȒŏɾǞȘǃ ɾǕƚ ɯɾŏɾƚࡏ ߠߟ



+ȩȒɔŏɟǞɯȩȘ ȩǀ áƚǀƚɟƚȘżƚ �ƚɾǕȩƇɯ
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°ɟŏȘǃƚࡇ �ʕɾȩȘȩȒȩʕɯ CɯɾǞȒŏɾȩɟ
$Ȁʕƚࡇ ÷ɟŏżǺǞȘǃࡷƚɟɟȩɟ CɯɾǞȒŏɾȩɟ

÷ǞȒƚ (s)

°ʕ
ɾɔ
ʕɾ

÷ɟŏżǺǞȘǃࡷƚɟɟȩɟ ƚɯɾǞȒŏɾȩɟ ɾƚȘƇɯ ɾȩ Ǖŏʲƚ Ȁŏɟǃƚɟ ȩʲƚɟɯǕȩȩɾࡏ

ߡߟ

vȘɾƚǃɟŏȀ +ȩȘɾɟȩȀ

vȘɾƚǃɟŏȀ +ȩȘɾɟȩȀ

ÚɟȩųȀƚȒࡇ �ȩ ǞȘɾƚǃɟŏɾȩɟ ǞȘ ɾǕƚ żȩȘɾɟȩȀ Ȁȩȩɔࡏ ëɾƚŏƇʿࡷɯɾŏɾƚ ȩǀǀɯƚɾ Ǟɯ ȀǞǺƚȀ ʿࡏ
ëȩȀʕɾǞȩȘࡇ �ƇƇ ŏȘ ǞȘɾƚǃɟŏɾȩɟ
4ƚ˙Șƚ ŏȘ ŏɟɾǞ˙żǞŏȀ ɯɾŏɾƚ ɾǕŏɾ Ǟɯ ɾǕƚ ǞȘɾƚǃɟŏȀ ȩǀ ɾǕƚ ƚɟɟȩɟ

xI(t) =

∫ t

0

e(τ)dτ ʶǕƚɟƚ e(t) = r(t)− y(t) ŏȘƇ ẋI(t) = e(t)

4ƚ˙Șƚ ɾǕƚ ŏʑǂȑƙȗɺƙƆ ɫʻɫɺƙȑ ȑȧƆƙǿ ɾȩ ǞȘżȀʕƇƚ ɾǕƚ ǞȘɾƚǃɟŏȀ ɯɾŏɾƚ
(

ẋ

ẋI

)
=

[
A 0

−C 0

](
x

xI

)
+

[
B

0

]
u+

[
0

1

]
r

y =
[
C 0

]( x

xI

)

�ȩʶ ƇƚɯǞǃȘ ŏ żȩȘɾɟȩȀȀƚɟ ʕɯǞȘǃ ɔɟƚʲǞȩʕɯ ȒƚɾǕȩƇɯ ŏȘƇ ǞȘ ɯɾƚŏƇʿࡷɯɾŏɾƚ ʶƚ Ǖŏʲƚ

ẋI(t) = e(t) = 0

ߢߟ

ëɾɟʕżɾʕɟƚ ȩǀ vȘɾƚǃɟŏȀ +ȩȘɾɟȩȀȀƚɟɯ

+ȩȘɾɟȩȀȀƚɟ ʶǞȀȀ Ǖŏʲƚ ɾǕƚ ǀȩɟȒ

u = −
[
K0 K1

]( x

xI

)

÷Ǖƚ ɟƚɯʕȀɾǞȘǃ żȩȘɾɟȩȀ ɯɾɟʕżɾʕɟƚ Ǟɯ

r
1
s

−K1 ëʿɯɾƚȒ y

−K0

+−

�ȩɾƚ ɾǕŏɾ ʶƚ࢈ʲƚ ɾŏǺƚȘ ŏ ƇǞǀǀƚɟƚȘɾ ɯǞǃȘ ȩȘ ɾǕƚ ǀƚƚƇųŏżǺ Ȁȩȩɔ Ǖƚɟƚ żȩȒɔŏɟƚƇ ɾȩ ɾǕƚ
ųȩȩǺ ɾȩ Ǻƚƚɔ ɾǕƚ ɯɾŏȘƇŏɟƇ Ȁȩȩɔࡏ

ߣߟ



CʾŏȒɔȀƚ

G(s) =
1

s+ 3

4ƚɯǞǃȘ ŏȘ ȩǀǀɯƚɾࡷǀɟƚƚ żȩȘɾɟȩȀȀƚɟ ʶǞɾǕ ɾʶȩ ɔȩȀƚɯ ŏɾ −5 ŏȘƇ ŏȘ ƚɯɾǞȒŏɾȩɟ ɔȩȀƚ ŏɾ ࡏ10−

ëɾŏɾƚࡷɯɔŏżƚ ȒȩƇƚȀ

ẋ = −3x+ u

y = x

�ʕǃȒƚȘɾ ɯʿɯɾƚȒ ƇʿȘŏȒǞżɯ
(

ẋ

ẋI

)
=

[
−3 0

−1 0

](
x

xI

)
+

[
1

0

]
u+

[
0

1

]
r

ÚȀŏżƚ ɔȩȀƚɯ ŏɾ −5,−5

det sI −A+BK = det

[
s+ 3 +K0 K1

1 s

]
= (s+ 3 +K0)s−K1 = s2 + 10s+ 25

+ȩȘɾɟȩȀȀƚɟ Ǟɯ K =
[
K0 K1

]
=
[
7 −25

]
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ẋI

)
=

[
−3 0

−1 0

](
x

xI

)
+

[
1

0

]
u+

[
0

1

]
r

ÚȀŏżƚ ɔȩȀƚɯ ŏɾ −5,−5

det sI −A+BK = det

[
s+ 3 +K0 K1

1 s

]
= (s+ 3 +K0)s−K1 = s2 + 10s+ 25

+ȩȘɾɟȩȀȀƚɟ Ǟɯ K =
[
K0 K1

]
=
[
7 −25

]

ߤߟ

CʾŏȒɔȀƚ

G(s) =
1

s+ 3

4ƚɯǞǃȘ ŏȘ ȩǀǀɯƚɾࡷǀɟƚƚ żȩȘɾɟȩȀȀƚɟ ʶǞɾǕ ɾʶȩ ɔȩȀƚɯ ŏɾ −5 ŏȘƇ ŏȘ ƚɯɾǞȒŏɾȩɟ ɔȩȀƚ ŏɾ ࡏ10−

ëɾŏɾƚࡷɯɔŏżƚ ȒȩƇƚȀ
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ẋ = −3x+ u
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ÚȀŏżƚ ƚɯɾǞȒŏɾȩɟ ɔȩȀƚɯ

det(sI −A+ LC) = s+ 3 + L = s+ 10

°ųɯƚɟʲƚɟ ǃŏǞȘ Ǟɯ L = 7

CɯɾǞȒŏɾȩɟ ƇʿȘŏȒǞżɯ

˙̂x = (A− LC)x̂+ Ly +Bu = −10x̂+ 7y + u

ߤߟ

CʾŏȒɔȀƚ ࡷ $ȀȩżǺ 4ǞŏǃɟŏȒ

r
1
s

25
1

s+ 3
y

−

1
s

10

77

−

u

w

x̂
−

e xI

ẋ = −3x+ u+ w

u = −7x̂+ 25xI

ẋI = r − x

˙̂x = −10x̂+ 7x+ u









ẋ

ẋI

˙̂x



 =




−3 25 −7

−1 0 0

7 25 −17








x

xI

x̂



+




0

1

0



 r +




1

0

0



w

ÚȩȀƚɯ ŏɾ (−10,−5,−5) ߥߟ

CʾŏȒɔȀƚ ࡷ áƚɯɔȩȘɯƚ

0 1 2 3 4 5 6 7 8 9 10
−1

−0.5

0

0.5

1

$Ȁʕƚࡇ áƚɯɔȩȘɯƚ ɾȩ ɟƚǀƚɟƚȘżƚ
°ɟŏȘǃƚࡇ áƚɯɔȩȘɯƚ ɾȩ ƇǞɯɾʕɟųŏȘżƚ

÷ǞȒƚ (s)

°ʕ
ɾɔ
ʕɾ

Ħƚ Ǖŏʲƚ ȩǀǀɯƚɾࡷǀɟƚƚ ɾɟŏżǺǞȘǃ ŏȘƇ żȩȘɯɾŏȘɾ ƇǞɯɾʕɟųŏȘżƚ ɟƚǲƚżɾǞȩȘࡏ
ߜߠ

ëʕȒȒŏɟʿ ࡷ 4ƚɯǞǃȘ ÚɟȩżƚƇʕɟƚ

1 ëɾŏɾƚࡷ_ƚƚƇųŏżǺ 4ƚɯǞǃȘ

�ɯɯʕȒƚ ɾǕŏɾ ɾǕƚ ɫɺŏɺƙ ǝɫȑƙŏɫʑɛƙƆࡈ
ŏȘƇ ƇƚɯǞǃȘ ŏ ɫɺŏɺǝż żȩȘɾɟȩȀ Ȁŏʶ u =

Kx

ẋ = Ax+BKx

ÚɟȩųȀƚȒ ࡇ Ħƚ żŏȘ࢈ɾ Ȓƚŏɯʕɟƚ xࡋ

2 ëɾŏɾƚ °ųɯƚɟʲƚɟ

4ƚɯǞǃȘ ŏ ƇʿȘŏȒǞż ɯʿɯɾƚȒ ɾȩ ƙɫɺǝࡹ
ȑŏɺƙ ɺǔƙ ɫɺŏɺƙ

˙̂x = Lx̂+My +Nu

4ƚɯǞǃȘ LࡈM ŏȘƇ N ɯȩ ɾǕŏɾ x̂ ∼ x

3 +ȩȒųǞȘƚ żȩȘɾɟȩȀȀƚɟ ŏȘƇ ȩųɯƚɟʲƚɟ ɾȩ ɔɟȩʲǞƇƚ ŏ ɯǞȘǃȀƚࡈ ƇʿȘŏȒǞż żȩȘɾɟȩȀ Ȁŏʶࡏ

4 �ƇƇ ɟƚǀƚɟƚȘżƚ ɾɟŏżǺǞȘǃࡏ

ãƙɑŏɛŏɺǝȧȗ ɑɛǝȗżǝɑǿƙ ɾƚȀȀɯ ʕɯ ɾǕŏɾ ǞȘƇƚɔƚȘƇƚȘɾ ƇƚɯǞǃȘ ȩǀ ɾǕƚɯƚ ƚȀƚȒƚȘɾɯ Ǟɯ ȧɑɺǝȑŏǿࡏ

ÚȩȀƚ ɔȀŏżƚȒƚȘɾ ȩǀ ƚɯɾǞȒŏɾȩɟɯ Ǟɯ Ɔʑŏǿ ɾȩ ɾǕŏɾ ȩǀ żȩȘɾɟȩȀȀƚɟɯࡏ

ߝߠ


